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We show that the ground state of the Bose fluid in a vessel-parallelepiped can be
characterized not only by the quantum numbers p = (±2πlx/Lx,±2πly/Ly,±2πlz/Lz)
(lx, ly, lz = 1, 2, 3, . . .) of an expansion in the eigenfunctions e
ipr of a free particle, but also
by the quantum numbers kl = (πlx/Lx, πly/Ly, πlz/Lz) of an expansion in the eigenfunctions
sin (klxx) sin (klyy) sin (klzz) of a particle in the box. In the latter case, the one-particle
condensate “is dispersed” over many lower levels with odd lx, ly, lz. 53% atoms of the
condensate occupy the lowest level with k = (π/Lx, π/Ly, π/Lz). The sum of condensates on
all levels is determined by the same formula Nc/N = ρ∞, as that for the condensate on the
level with p = 0. The proposed k-representation supplements the traditional one (with the
condensate on the level ǫ = (~p)2/2m = 0) and allows one to consider the microstructure of
a system from another side.
Keywords Fragmented condensate, Bose fluid, Zero boundary conditions
1 Introduction
The problem of a condensate in the Bose fluid attracts attention as before. The condensate
was predicted theoretically [1]–[3] and was then discovered experimentally. Moreover, the
experimental values [4, 5] agree sufficiently well with theoretical ones [3, 6]–[11]. Intensively
are studied the condensates in dilute gases in traps. However, we meet the difficulty, which
remains usually unnoticeable. A condensate in the Bose fluid is considered as the “macroscopic
number of atoms with zero momentum.” But the fluid is placed always in a vessel, and the
uncertainty relation ~△px△x ≥ ~/2 implies that the momentum of an atom cannot be zero
due to the uncertainty △px ≥ 1/2L. This point is obviously clear: the momentum is defined
for translation-invariant systems, whereas the walls break the translational invariance, and
the momentum of an atom is not conserved due to the collisions with walls. In addition, the
momentum takes the discrete values p = 2π(jx/Lx, jy/Ly, jz/Lz) in the standard approach,
and its uncertainty ≥ 1/2L is comparable with the distance between adjacent values.
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Therefore, the collection of discrete levels is transformed in a collection of bands or even
in a single band. This means that the momentum is a “bad” quantum number. We can
avoid these difficulties through consideration p as an eigenvalue of the Hamiltonian only
(ǫ = (~p)2/2m). In this case, we can use the traditional formalism and obtain, as usual, the
single macroscopically filled level with p = 0; but p characterizes here the energy of a particle,
rather than its momentum. However, it is possible also to construct a nontraditional approach
to the description of the microstructure of systems. Such new approach will be considered in
what follows.
2 Structure of a condensate for the Bose fluid in a vessel
Consider the Bose fluid in a vessel at T = 0. In the standard approach with periodic boundary
conditions (BCs), the condensate n0 = Np=0/N is determined from the formula
Np
N
=
∫
dr1dr2ρ(r1, r2)
e−ip(r1−r2)
V 2
, (1)
where N is the total number of identical Bose particles, V is the volume of the system,
ρ(r1, r2) is the one-particle density matrix,
ρ(ra, rb) = V
∫
dr2 . . . drNΨ
∗
0(ra, r2, . . . , rN)Ψ0(rb, r2, . . . , rN ), (2)
and Ψ0 is the wave function of the ground state of the system. For an infinite system, we
have ρ(r1, r2) = ρ(|r1 − r2|) due to the translational invariance and the isotropy. Therefore,
n0 =
Np=0
N
=
1
V 2
∫
dr1dr2ρ(|r1 − r2|) ≈ ρ(|r1 − r2| → ∞) ≡ ρ∞. (3)
The presented definition of the condensate follows from the expansion of a one-particle wave
function
Ψ(r) =
∫
dpa(p)eipr(2π)−3 (4)
in the eigenfunctions eipr of the momentum operator, which form the complete set of
orthonormalized basis functions of the continuous spectrum. The exponential function eipr is
an eigenfunction of the Hamiltonian and the momentum operator for a free particle in the
infinite or finite closed volume. The closed ring systems are described by periodic BCs and
are realized in the nature only in the one- or two-dimensional case.
Consider the finite-size systems with nonperiodic BCs. In particular, the boundary
conditions for the three-dimensional systems are always nonperiodic. As was noted in [12], the
expansion for the system in a box should be performed in an eigenfunctions of this system.
Girardeau [12] has found the solution for N point Bose particles in a box-cube L × L × L
characterized by an interatomic potential in the form of the δ-function. The BCs were taken
to be n∇ψ = 0. It was found that all atoms are on the lowest level at a repulsive potential.
At an attractive potential, the atoms are distributed over (∼ N2/5) lower levels, but with
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the microscopic (∼ N3/5) population of each level. In this case, the condensate exists in the
“generalized” sense [12]: the total number of atoms on those levels turns out macroscopic.
But the real atoms are not point-like and possess a smoother potential, than the δ-function.
Therefore, the wave functions may have a different structure [13] as compared with that of
the solutions in [12]. We may expect also a different solution for the condensate. We now
consider such realistic system of Bose particles in the box Lx×Ly ×Lz. For simplicity, let us
consider firstly the 1D case. We model the potential of a wall as a step with finite height:
Uw(x) =
[
U > 0 x ≤ 0, x ≥ L
0 0 < x < L.
(5)
Let the potentials of both walls be identical (their distinction will not lead to basic changes).
The eigenfunctions of a free particle in such a box are known [14]:
Ψl(x) =


cl sin (δl)e
κlx, x ≤ 0
cl sin (klx+ δl), 0 < x < Lx
cl(−1)l+1 sin (δl)e−κl(x−L), x ≥ Lx,
(6)
kl =
√
2mEl/~ = πl/Lx − 2δl/Lx, (7)
κl =
√
2m(U − El)/~ > 0, δl = arcsin (γxklLx/2), (8)
cl =
(
(sin δl)
2
κl
+
Lx
2
+
sin(2δl)
2kl
)−1/2
≈
√
2
Lx
. (9)
Here, l = 1, 2, 3, . . ., γx =
~
Lx
√
2
mU
, and the values of arcsin are taken between 0 and π/2.
The boundary conditions involve the continuity of Ψl(x), Ψ
′
l(x) and are more physical than
the BCs n∇ψ = 0 in [12]. For great systems, γx ≪ 1: for He4 atoms at U = 100K and
Lx = 10 cm, we have γx ≈ 4.9× 10−10. For l ≪ 1/πγx, we obtain
kl ≈ lk1 = l(1− γx)π/Lx, δl ≈ lδ1 = lπγx/2. (10)
We note that the results of the work are independent of the choice of a finite or infinite barrier
U . Indeed, for any reasonable U >∼ 1K, we have δ1 <∼ 10−8; for not too large l, all δl (10)
are small, so that we can take cos δl → 1 in formula (17). Therefore, the final formulas (18)
and (19) are the same for different U . But since the real barriers are finite, we will use the
formulas for finite U . We can pass to infinite U , by setting δl → 0 in the formulas.
Solutions (6) describe bound states with discrete spectrum. Here, we omit the solutions
Ψf(x) with continuous spectrum, which correspond to the infinite motion with E > U. The
solutions for the continuous and discrete spectra are eigenfunctions of the Hermitian operator
(Hamiltonian). By the theorems of quantum mechanics, these functions form the complete
orthonormalized set of basis functions, in which any function Ψ(x) with the appropriate
smooth properties and given on the interval x ∈] −∞,∞[ can be expanded. Therefore, any
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solution for a free particle localized in a 1D box (5) can be written in the form
Ψ(x) =
∑
l
blΨl(x), bl =
∞∫
−∞
dxΨ(x)Ψ∗l (x), (11)
and the probability for the particle in the state Ψ(x) to have the wave number kl is equal to
|bl|2.
Let us consider the Bose fluid in a vessel. In the presence of a vessel, the momentum is
not a quite good quantum number. Therefore, we are not based on the momentum operator,
while choosing the eigenvalues for the expansion of the density matrix. Then the exponents
eipxx lose the status of exceptional functions: now, we can use only the eigenfunctions of the
Hamiltonian of a free particle, which are the collections of all possible linear combinations
of the form aeipxx + be−ipxx with different px. Among those collections, we mark out two
ones, which are the complete sets of the basis functions: the exponents eipxx, where px are
multiple to 2π/L (they give solutions for the quasiparticles in the form of traveling waves, and
the phonons in real systems are namely traveling wave packets, rather than standing waves;
we call it p-representation), and the sines sin (klx+ δl) (6) (since they take the boundary
conditions into account, by ensuring the decrease of the wave functions near the boundary;
we call it the k-representation). Here, the wave vectors k and p are similar to the momentum,
but they are not the momentum, but a quantum numbers of the Hamiltonian. None of these
sets of eigenfunctions can be called the best. In our view, the exponential functions describe
better the quasiparticles, whereas the sines do the ground state and the condensate.
In the p-representation, we obtain obviously the well-known results with the condensate
on a level with p = 0. Of a significant interest is the k-representation based on the functions
Ψl(x) (6). We now consider it in more details. The wave vector takes the values
k = kl =
(
πlx − 2δlx
Lx
,
πly − 2δly
Ly
,
πlz − 2δlz
Lz
)
(12)
with lx, ly, lz = 1, 2, 3, . . . We omit the negative components, since the wave function of a
particle for them differs only by a sign (these are equivalent states). For the Bose fluid states
of the discrete spectrum, the number of particles with the wave vector k is
Nk
N
=
1
V
∞∫
−∞
dr1dr2ρ(r1, r2)Ψ
∗
lx(x1)Ψlx(x2)Ψ
∗
ly(y1)Ψly(y2)Ψ
∗
lz(z1)Ψlz(z2). (13)
Let us verify the correctness of the coefficient V −1. The property of eigenfunctions∑
l
Ψ∗l (r1)Ψl(r2) +
∫
dfΨ∗f (r1)Ψf(r2) = δ(r1 − r2) (14)
and the normalization of Ψ0 yield ∑
k
Nk
N
+
∫
df
Nf
N
= 1, (15)
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i.e., the coefficient is proper. The integral over the continuous spectrum is probably much less
than 1.
Let us determine Nk. According to (13), we need to integrate over the whole volume, inside
and outside of the box. But we do not know the solution for Ψ0 outside of the box. However,
it is clear that this solution decreases exponentially, with the penetration distance ∼ 1 A˚ for
realistic walls. Therefore, we neglect the region outside of the box. Then, in the 3D case, we
obtain
Nkl
N
=
1
V
Lx,Ly,Lz∫
0
dr1dr2ρ(r1, r2)c
2
lxc
2
lyc
2
lz sin (klxx1 + δlx) sin (klxx2 + δlx)
× sin (klyy1 + δly) sin (klyy2 + δly) sin (klzz1 + δlz) sin (klzz2 + δlz). (16)
We now have ρ(r1, r2) 6= ρ(r1 − r2), generally speaking. At distances from the wall much
larger than the interatomic distance R¯, the properties of Ψ0 are the same [13] as those for
an infinite system. Here, we consider only the general properties of Ψ0 (there is no exact
coincidence for Ψ0, see formula (21) below). In particular, at r1 and r2 far from the walls and
|r1 − r2| ≫ R¯, the relation ρ(r1, r2) = ρ∞ = const is true. With regard for it, relation (16)
yields
Nkl
N
=
(
8clxclyclz cos δlx cos δly cos δlz
klxklyklz
)2
ρ∞
V
, (17)
if lx, ly, lz are odd, and Nkl/N = 0, if at least one of lx, ly, lz is even. Let us consider odd
lx, ly, lz. The value of Nkl is large at small kl, when relations (10) hold. In this case,
Nkl
N
≈ 8
3ρ∞
π6l2xl
2
yl
2
z
. (18)
Since ρ∞ ∼ 1, we obtain the condensate Nkl ∼ N for all levels with small lx, ly, lz. The sum
of condensates on all levels
nc =
∑
k
Nk
N
≈ 8
3ρ∞
π6
∑
jx,jy,jz
1
(1 + 2jx)2(1 + 2jy)2(1 + 2jz)2
= ρ∞ (19)
(jx, jy, jz = 0, 1, 2, 3, . . .) is exactly equal to the condensate on the level p = 0 for the
p-representation. This interesting property is general. We denote V −1/2 = |r〉, ρ∞ = ρˆ,
Ψlx(x)Ψly(y)Ψlz(z) = |l〉 and expand the function Ψ(r), equal to V −1/2 in the box and to
zero outside of it, in the functions |l〉 and the continuous-spectrum functions of a particle
in the box. The latter enter the expansion with zero coefficients. Therefore, Ψ(r) =
∑
l
cl|l〉,
cl = 〈r|l〉. Then, in the approximation ρ(r1, r2) = ρ∞, we have∑
p
Np/N = Np=0/N = ρ∞ =
∫
drρ∞(eipr/V )|p→0
= 〈r|ρˆ|r〉 = 〈r|l〉〈l|ρˆ|m〉〈m|r〉 =
∑
l,m
clc
∗
m〈l|ρˆ|m〉
=
∑
l
|cl|2〈l|ρˆ|l〉 = ρ∞
∑
l
|cl|2 =
∑
kl
Nkl/N. (20)
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We do not use the specific form of the functions |l〉. Therefore, the summary condensate∑
kl
Nkl/N is the same for any basis of eigenfunctions. This property is related to the
approximation ρ(r1, r2) = ρ∞, for which 〈l|ρˆ|m〉 = ρ∞δl,m, and to the fact that ρ(r1, r2) ≈
ρ∞ = const can be expanded in various bases.
The real value of nc is somewhat less than that in (19). The condensate corresponds to
the macroscopic filling of a level, but the sum (19) includes also large values of jx, jy, jz, at
which the filling is small. We call the level macroscopically filled, if Nk > qcN . The value of
qc is conditional, but the estimate qc ∼ (1 − 100) × N−1/3 seems reasonable. The numerical
analysis indicates that, at qc = 0.001, we have nc ≈ 0.914ρ∞ and the number of condensate
levels Nc = 49. At qc = 10
−6, we obtain nc ≈ 0.994ρ∞ and Nc = 3920. Whereas nc ≈ 0.999ρ∞
and Nc ≈ 61400 at qc = 10−8. For great systems N1/3 >∼ 108. In this case qc ∼ 10−6-10−8, and
nc differs slightly from nc = ρ∞ (19).
It is clear that, for the 1D and 2D cases, the properties of the condensate are analogous
for T = 0.
For a different shape of the vessel, we need to use different basis functions at the expansion,
but the summary condensate is not changed, according to (20). If we consider the realistic
potential of a wall (smoother than that of a step and like the interaction potential of two
helium atoms), the summary condensate is not changed as well, but, probably, will be more
strongly dispersed over levels.
The additional information is given by the exact wave function Ψ0 [13] of a system of N
interacting Bose particles in a box-parallelepiped with impermeable walls (U =∞):
Ψ0 = Ψ
b
0e
S
(1)
w
∏
j
{
sin (k1xxj) sin (k1yyj) sin (k1zzj)
}
, (21)
S(1)w =
∑
q 6=0
S
(1)
1 (q)ρ−q +
q+q1 6=0∑
q,q1 6=0
S
(1)
2 (q,q1)√
N
ρq1ρ−q1−q + . . . , (22)
where k1 = (k1x , k1y , k1z) = (π/Lx, π/Ly, π/Lz), ρk =
1√
N
N∑
j=1
e−ikrj , and Ψb0 is the bulk part
of Ψ0:
lnΨb0 =
∑
q1 6=0
a2(q1)
2!
ρq1ρ−q1 +
q1+q2 6=0∑
q1,q2 6=0
a3(q1,q2)
3!
√
N
ρq1ρq2ρ−q1−q2 + . . . (23)
The components of q are multiple to 2π/L, and the components of qj are multiple to π/L.
If we expand both exponential functions in (21) in a series, represent ρk in terms of cosines
and sines, and convolve them with sines from the bare product of sines in (21), we obtain the
sum of products of N sines and cosines with wave vectors multiple to π/L. This yields two
conclusions for particles in a box. 1) The wave vectors of interacting particles “are quantized”
in the same way like those of free particles. 2) If the interatomic interaction is switched-off,
Ψ0 is reduced to a product of sines (since S
(1)
w → 0, Ψ∞0 → 1 [13]), i.e., to the solution for
the ground state of N free particles, when all particles are in the condensate with k = k1.
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The structure of condensate (19) agrees with this solution: if the interaction tends to zero,
the atoms from above-condensate levels “fall” on the condensate levels; if the interaction is
switched-off completely, the condensate levels become empty by jump: the atoms transit to
the lowest level with k = k1. But if the condensate is defined in the standard way (1), we
cannot obtain N particles on the level with k = k1 at the switching-off of the interaction. In
this relation, the new representation (19) of a condensate is better. The condensate measured
in experiment is, in fact, the quantity ρ∞.
Let us compare the formulas for the number of above-condensate atoms, Np, in the k- and
p-representations for k, p≫ π/L. Let us expand the density matrix in a Fourier series:
ρ(r1 − r2) = 1
V ∗
∑
q
f(q)eiq(r1−r2). (24)
For the p-representation, we use periodic BCs. Then V ∗ = V, and q runs the values
2π(jx/Lx, jy/Ly, jz/Lz). Relation (1) yields
Np = f(p)N/V. (25)
For the k-representation, V ∗ = 8V , and q runs the values π(jx/Lx, jy/Ly, jz/Lz), and relations
(16) and (24) yield
Nk = rlf(k)N/V, rl = rlxrlyrlz , (26)
rlx =
1
6
+
cos2 δlx
3
+
sin2 δlx
2δ2lx
, (27)
lx = 1, 2, . . . , l
max
x − 1. The value of lmaxx = 1/δ1 can be determined from the condition
δlmaxx = π/2 and gives the maximum value of klx . The analogous result holds for the y-
and z-components. The vectors k > kmax correspond to the continuous spectrum. At k ≤
kmax/2 (for all components), rl ≈ 1 is true. At larger k, rl decreases, as k increases, and
rl(k
max) ≈ 0.05. For He4 atoms at U = 25K, we have kmax = √6mU/~ ≈ 7.2 A˚−1, which
equals to the threshold momentum km ≈ 3.6 A˚−1 of the dispersion curve of He II. We do not
exclude that this property explain the threshold. Thus, rl ≈ 1 for all k for which f(k) is not
too small, and the formulas for Nk and Np are identical. In view of the positiveness of the
components of k, we have
∑
k
=
∑
p
for narrow bands ∆k and ∆p at p = k. Therefore, for
k,p ≤ kmax/2, the numbers of above-condensate atoms in the k- and p-representations are
the same (
∑
k
Nk ≈ f(k)Nk2∆k/(2π2)).
However, the solution for the wave function Ψ0 under the zero BCs [13, 18] differs from
that under the cyclic BCs. In view of this, the values of ρ∞ must also be different. Hence,
the amount of the condensate ρ∞N and the number of above-condensate atoms under the
zero BCs must differ from those under the cyclic BCs, in spite of the commonly accepted
expectations. But we have not calculated ρ∞ in the present work.
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3 Discussion
It is usually considered that the boundaries have no influence on the bulk properties of
a system, because the near-boundary region is small as compared with the total volume.
However, the result obtained in the article is topological and remains valid at an arbitrarily
thin near-boundary region. The boundaries should exist as a region, where the properties of
the system are sharply changed.
We mention one more significant item. At cyclic boundaries, we must expand the density
matrix in cyclic eigenfunctions. But, in the presence of boundaries, we may expand in
noncyclic eigenfunctions, e.g., in sines with components of k of the form nπ/L, as it was made
in the article. Such an expansion is not quite proper, in our opinion, for a cyclic system, since
such functions separate two points, namely the edges of the system; but a cyclic system has
no edges. Whereas, the edges do exist in a system with boundaries; therefore, the presence
of boundaries allows one to use k-representation. It is an additional language. Apparently,
it is not only the language: the boundaries reveal some microstructure of a system, which is
absent without boundaries.
Is it possible to obtain an experimental confirmation? We can propose only rough
preliminary considerations. If we represent the ordinary means of detecting of a condensate
(by neutron peaks, e.g.) in terms of eigenfunctions (6), then the separate macroscopically filled
levels (18) will be probably insoluble in experiments due to very small distances between
them. However, the spreading of a condensate over levels can be established, most likely,
by comparing the theory with the peculiarities of scattering peaks. Another means is to
modify the Bogolyubov model [2] for the account for boundaries, by using sines instead of
exponential functions. Due to the macroscopic population, the lowest even levels should be
identify with the condensate, rather than with quasiparticles, so that these levels turn out
forbidden for quasiparticles. This rather strange property can be observable. For gases in a
trap, the occupation of the lowest levels must be affected by the trap field (it varies on scales
of the order of system’s size, i.e., of the order of the wavelength of the lowest levels of the
condensate (18)). This can be calculated and be apparently measured.
Notice that the fragmented condensate (19) belongs to the generalized condensates, which
was considered in several works, but only for free particles or point-like potentials or cyclic
BCs (see, e.g., [12, 15, 16] and the recent review [17]). In this case, the properties of the ideal
gas are strongly different from those of an interacting gas. In particular, it is impossible to
obtain a fragmented condensate with the help of the above-mentioned reasoning. Indeed, all
particles of the ideal gas in the ground state are characterized by some wave function ψ(r).
Then ρ(r1, r2) (2) can be exactly calculated:
ρ(r1, r2) = V ψ
∗(r1)ψ(r2). (28)
For |r1 − r2| ≫ R¯, the quantity ρ(r1, r2) does not approach the constant ρ∞, since ψ(r) 6=
8
const. In particular, ψ(x) = const× sin (πx/L) at a high barrier in the one-dimensional case.
For such ψ(x), the particle are mostly localized at the center of a vessel. In this case, formulas
(17) and (18) are wrong. The ground state corresponds to the case where all particles are in
the single lowest state. Hence, (16) yields Nk = δk,k1N, and the condensate is present only
on the lowest level. For the cyclic boundaries, ψ(r) = 1/
√
V and ρ(r1, r2) = 1 = const, the
eigenfunctions are exponential functions (eigenfunctions of the operator of momentum), and
the expansion of 1 in exponential functions gives the single macroscopically filled level with
k = 0. In other words, the condensate is present only on the single level both in a cyclic
system and in a system with boundaries. This corresponds to the results by Ziff et al. [15],
according to which the bulk results of the ideal gas are independent of the wall BCs.
The effects revealed in the article and in [13, 18] are related to the interatomic interaction.
For fluids and gases, namely the interaction distributed the particles uniformly. Therefore,
ρ(r1, r2)||r1−r2|≫R¯ = ρ∞ = const, which yields the fragmented condensate (18). The nature of
the effect [13, 18] is more complicated. Here, the interatomic interaction is necessary, since
the effect is related to bulk waves (collective oscillations), their distributions over harmonics,
and, apparently, to the interaction of harmonics. At present, we try to check solutions [13, 18]
by another methods.
4 Conclusion
The analysis shows that the presence of boundaries allow one to propose the new
representation of the condensate, at which the condensate is dispersed over many lowest one-
particle levels. This effect is related to that the walls of a vessel play the role of a resonator
and affect the spectrum of eigenmodes of the system.
The proposed k-representation is equivalent, on the whole, to the traditional one, but
it allows one to reveal new properties of a system, which are hidden, if the ordinary p-
representation is used.
This work is partially supported by the Special Program of Fundamental Studies of the
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Erratum: Structure of a condensate for the Bose fluid in a vessel
Max Tomchenko∗
Bogolyubov Institute for Theoretical Physics, 14-b Metrolohichna Street, Kiev 03680, Ukraine
(Dated: November 15, 2018)
We discuss a possibility of a fragmented structure of the condensate for an interacting Bose
systems placed in a vessel. The erroneous result of the main part of this work is corrected.
PACS numbers: 67.10.Ba, 67.25.D-
In the main part of this archival work, we considered
the structure of a condensate for the Bose fluid placed in
a vessel. Since the vessel breaks the translation invari-
ance of the system, the momentum is a “bad” quantum
number. Therefore, we proposed to expand the density
matrix in sines, which are the eigenfunctions of a free
particle in the box. However, our conclusion about the
possibility of the expansion in sines is erroneous at least
for a fluid or gas. The error arose because we introduced
the condensate in the way used for the homogeneous sys-
tems, whereas it is necessary to use a more general ap-
proach to the inhomogeneous systems [1]:
ρ(ra, rb) =
∑
j
pjf
∗
j (ra)fj(rb), (1)
where fj(r) is some complete orthonormalized collection
of functions. We consider the time-independent ground
state of the system.
The specific feature of the problem consists in that
the total wave function of the system bounded by walls
should be equal to zero on the boundaries. Therefore, the
one-particle density matrix ρ(ra, rb) and the basis func-
tions fj(r) should also be zero on the boundaries. Most
likely, we can choose as fj(r) the ordinary exponential
functions cke
ikr with a small additions δfk(r), which are
nonzero only near the boundaries. Then the condensate
will be defined in a usual way, and the presence of walls
will reveal itself only as the exhaustion of the condensate
near the walls. But we do not know whether it is possible
to construct such collection of functions fj(r).
If not, this means that, most likely, the basis functions
do not include the function f0(r) ≈ const that leads to
the ordinary condensate. Then the condensate has an
unusual structure and, apparently, is spread over several
or many levels (the so-called fragmented BEC: several of
pj in (1) are of order a number N of bosons, and the
rest ones of order unity; we assume the normalization, at
which ρ(ra, rb) ≃ N/V far from the walls).
Nozieres [2] showed that a condensate is energy-gained,
being on the single level rather than on several ones. His
proof assumed that the system can be in the state with
the single macroscopically filled level. However, the ex-
pansion of the density matrix in eigenfunctions may be
such that it is impossible to have the condensate only on
a single level. In this case, a fragmented condensate is
possible.
To our knowledge, the ground-state wave function of a
system of interacting bosons in a box at an arbitrary
nonpoint-like interatomic potential was found only in
work [3]. The results in [3] imply that ρ(ra, rb) = const
far from the walls, ρ(ra, rb) must oscillate at distances
of the order of the interatomic one from the walls, and
ρ(ra, rb) = 0 on the walls. The function ρ(ra, rb) has a
very complicated structure; therefore, it is easier to solve
the problem for a weak interaction. We did not study
this problem yet. However, it is worth solving, since some
surprises are not excluded. In particular, we mention the
unexpected result [3] that the presence of walls changes
strongly the ground-state energy of the system and the
dispersion law of phonons. We cannot exclude the influ-
ence of walls on the condensate structure as well.
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